Rate of decay to 0 of the solutions to a nonlinear parabolic equation by Ben Arbi, Imen
Rate of decay to 0 of the solutions to a nonlinear
parabolic equation
Imen Ben Arbi
To cite this version:




Submitted on 14 Sep 2010
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destine´e au de´poˆt et a` la diffusion de documents
scientifiques de niveau recherche, publie´s ou non,
e´manant des e´tablissements d’enseignement et de
recherche franc¸ais ou e´trangers, des laboratoires
publics ou prive´s.




❘és✉♠é✿ ❖♥ ét✉❞✐❡ ❧✬♦r❞r❡ ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ✈❡rs 0✱ q✉❛♥❞ t −→ +∞ ❞❡ ❧❛
s♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ψt −∆ψ + |ψ|
p−1ψ = 0 ❛✈❡❝ ❧❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s
❞❡ ◆❡✉♠❛♥♥ ❞❛♥s ✉♥ ♦✉✈❡rt ❝♦♥♥❡①❡ ❜♦r♥é ❞❡ Rn ♦ù p > 1✳ ❖♥ ♠♦♥tr❡





❆❜str❛❝t✿ ❲❡ st✉❞② t❤❡ ❞❡❝❛② r❛t❡ t♦ 0✱ ❛s t −→ +∞ ♦❢ t❤❡ s♦❧✉t✐♦♥
♦❢ ❡q✉❛t✐♦♥ ψt −∆ψ + |ψ|
p−1ψ = 0 ✇✐t❤ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐♥ ❛
❜♦✉♥❞❡❞ s♠♦♦t❤ ♦♣❡♥ ❝♦♥♥❡❝t❡❞ ❞♦♠❛✐♥ ♦❢ Rn ✇❤❡r❡ p > 1✳ ❲❡ s❤♦✇ t❤❛t
❡✐t❤❡r ψ(t, ·) ❝♦♥✈❡r❣❡s t♦ 0 ❡①♣♦♥❡♥t✐❛❧❧② ❢❛st ♦r ψ(t, ·) ❞❡❝r❡❛s❡s ❧✐❦❡ t−
1
(p−1) .
❑❡②✇♦r❞s✿ r❛t❡ ♦❢ ❞❡❝❛②✱ ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥
✶▲❛❜♦r❛t♦✐r❡ ❏❛❝q✉❡s✲▲♦✉✐s ▲✐♦♥s✱ ❯♥✐✈❡rs✐té P✐❡rr❡ ❡t ▼❛r✐❡ ❈✉r✐❡ ✲ P❛r✐s ✻✱ ❜♦ît❡
❝♦✉rr✐❡r ✶✽✼✱ ✹ ♣❧❛❝❡ ❏✉ss✐❡✉✱ ✼✺✷✺✷ P❛r✐s ❈❡❞❡① ✵✺✱ ❋❘❆◆❈❊✳
✶ ■♥tr♦❞✉❝t✐♦♥ ❛♥❞ ♠❛✐♥ r❡s✉❧ts✳
■♥ t❤✐s ♣❛♣❡r ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦♥❧✐♥❡❛r ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥{




= 0 on R+ × ∂Ω.
✭✶✳✶✮
✇❤❡r❡ Ω ✐s ❛ ❜♦✉♥❞❡❞ s♠♦♦t❤ ♦♣❡♥ ❝♦♥♥❡❝t❡❞ ❞♦♠❛✐♥ ♦❢ Rn ❛♥❞ g ∈ C1(R)
s❛t✐s✜❡s
g(0) = 0 ✭✶✳✷✮
❛♥❞ ❢♦r s♦♠❡ p > 1
∃c > 0,∀s ∈ R, 0 ≤ g′(s) ≤ c|s|p−1. ✭✶✳✸✮
❋r♦♠ ✭✶✳✷✮✲✭✶✳✸✮✇❡ ❞❡❞✉❝❡ t❤❛t g(s) ❤❛s t❤❡ s✐❣♥ ♦❢ s ❛♥❞




❲❡ ❞❡✜♥❡ t❤❡ ♦♣❡r❛t♦r A ❜②
D(A) = {ψ ∈ H2(Ω),
∂ψ
∂n
= 0 on ∂Ω}
❛♥❞
∀ψ ∈ D(A), Aψ = −∆ψ
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ t❤❡ ♦♣❡r❛t♦r B ❞❡✜♥❡❞ ❜②
D(B) = {ψ ∈ L2(Ω),−∆ψ + g(ψ) ∈ L2(Ω) ❛♥❞
∂ψ
∂n
= 0 on ∂Ω}
❛♥❞
∀ψ ∈ D(B), Bψ = −∆ψ + g(ψ)
✐s ✇❡❧❧✲❦♥♦✇♥ t♦ ❜❡ ♠❛①✐♠❛❧ ♠♦♥♦t♦♥❡ ✐♥ L2(Ω). ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❬✶✱ ✷❪
❢♦r ❛♥② ψ0 ∈ L
2(Ω) t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ✇❡❛❦ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥
ψ′ +Bψ = 0 on R+; ψ(0, x) = ψ0. ✭✶✳✺✮
■♥ ❛❞❞✐t✐♦♥ ✐t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t ✐❢ ψ0 ∈ L
∞(Ω)✱ ψ(t, ·) r❡♠❛✐♥s ✐♥ L∞(Ω) ❢♦r
❛❧❧ t > 0✳ ❋✐♥❛❧❧② ❬✽❪ ❝♦♥t❛✐♥s ❛♥ ❡st✐♠❛t❡ ♦❢ t❤❡ s♦❧✉t✐♦♥ ✐♥ C(Ω¯) ❛♥❞ C1(Ω¯)
❢♦r t > 0✱ ✇❤✐❝❤ ✐s ✈❛❧✐❞ ❢♦r ❛♥② s✉✣❝✐❡♥t❧② r❡❣✉❧❛r ❞♦♠❛✐♥✳
✶
❈♦♥❝❡r♥✐♥❣ t❤❡ ❜❡❤❛✈✐♦✉r ❢♦r t ❧❛r❣❡✱ ✐♥ ❬✺❪✱ ❆✳❍❛r❛✉① ❡st❛❜❧✐s❤❡❞ ✐♥ t❤❡
❝❛s❡ ♦❢ ❛ ♣✉r❡ ♣♦✇❡r ♥♦♥❧✐♥❡❛r✐t② t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❝♦♥✈❡r❣❡♥❝❡ t♦ 0 ♦❢ t❤❡ ♣r♦✲
❥❡❝t✐♦♥ ♦♥ t❤❡ r❛♥❣❡ ♦❢ A ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❡q✉❛t✐♦♥ ✭✶✳✶✮✳ ▼♦r❡♦✈❡r ✐♥ ❬✹❪✱
t❤❡ st✉❞② ♦❢ t❤❡ ❡q✉❛t✐♦♥ u′′ + u′ −∆u+ g(u) = 0 ✇✐t❤ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s ❛♥❞ ✇❤❡r❡ g s❛t✐s✜❡s ∃C, c > 0,∀s ∈ R, c|s|p−1 ≤ g′(s) ≤ C|s|p−1
❢♦r s♦♠❡ p > 1✱ s❤♦✇❡❞ t❤❛t ❡✐t❤❡r u(t) ❝♦♥✈❡r❣❡s t♦ 0 ❡①♣♦♥❡♥t✐❛❧❧② ❢❛st✱ ♦r
‖u(t)‖H10 (Ω)
≥ γt−1/(p−1) ✇✐t❤ γ > 1 ❢♦r t ≥ 1.
❙❡✈❡r❛❧ ❛✉t❤♦rs ❤❛✈❡ tr❡❛t❡❞ s♦♠❡ ✈❛r✐❛♥ts ♦❢ ❡q✉❛t✐♦♥ ✭✶✳✶✮✱ ❢♦r ❡①❛♠♣❧❡
✐♥ ❬✻❪ ✇✐t❤ g(u) = c|u|p−1u − λ1u ❛♥❞ ✇✐t❤ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱
✇❛s st✉❞✐❡❞ t❤❡ ❞❡❝❛② r❛t❡ ❛t t❤❡ ✐♥✜♥✐t② ♦❢ s♦❧✉t✐♦♥s t♦ ✭✶✳✶✮✱ ✇❤❡r❡ λ1 > 0
✐s t❤❡ ✜rst ❡✐❣❡♥✈❛❧✉❡ ♦❢ −∆ ✐♥ H10 (Ω)✳ ❚❤❡ r❡s✉❧t ♦❜t❛✐♥❡❞ t❤❡r❡ ✐s ♦♣t✐♠❛❧
❢♦r ♣♦s✐t✐✈❡ s♦❧✉t✐♦♥s✳
❆❝❝♦r❞✐♥❣ t♦ ▲❛ ❙❛❧❧❡✬s ✐♥✈❛r✐❛♥❝❡ ♣r✐♥❝✐♣❧❡✱ ❝❢✳ ❬✸✱ ✼❪✱ ❛♥② s♦❧✉t✐♦♥ ψ ♦❢
✭✶✳✶✮✱ ❤❛✈✐♥❣ ❛ ♣r❡❝♦♠♣❛❝t r❛♥❣❡ ♦♥ R+ ✇✐t❤ ✈❛❧✉❡s t♦ L∞(Ω)✱ ❝♦♥✈❡r❣❡s t♦
❛ ❝♦♥t✐♥✉✉♠ ♦❢ st❛t✐♦♥❛r② s♦❧✉t✐♦♥s ♦❢ ❡q✉❛t✐♦♥ ✭✶✳✶✮✱ ✇❤✐❝❤ r❡❞✉❝❡s ❤❡r❡ t♦
t❤❡ ❝♦♥st❛♥ts ♦❢ s♦♠❡ s✉❜✲✐♥t❡r✈❛❧ ♦❢ g−1(0)✳ ❇② ♠♦♥♦t♦♥✐❝✐t②✱ ✐t ✐s ✐♥ ❢❛❝t
❦♥♦✇♥ t❤❛t ψ ❝♦♥✈❡r❣❡s t♦ s♦♠❡ ❝♦♥st❛♥t a ∈ g−1(0)✳
❖✉r ✜rst r❡s✉❧t ✐s ✈❛❧✐❞ ✇✐t❤♦✉t ❛♥② ❛❞❞✐t✐♦♥❛❧ ❤②♣♦t❤❡s✐s ♦♥ g
❚❤❡♦r❡♠ ✶✳✶✳ ▲❡t g s❛t✐s❢② ✭✶✳✷✮ ❛♥❞ ✭✶✳✸✮✳ ❚❤❡♥ ❛♥② s♦❧✉t✐♦♥ ψ ♦❢ ✭✶✳✶✮
s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧t❡r♥❛t✐✈❡ ❛s t→∞✿ ❡✐t❤❡r
‖ψ(t, ·)‖∞ ≤ Ce
−λ2t, ✭✶✳✻✮
♦r




∣∣∣ ≥ c′t− 1p−1 , ✭✶✳✼✮
✇❤❡r❡ λ2 > 0 ✐s t❤❡ s❡❝♦♥❞ ❡✐❣❡♥✈❛❧✉❡ ♦❢ A ✐♥ D(A).
❖✉r s❡❝♦♥❞ r❡s✉❧t ♣r♦✈✐❞❡s ❛ ♠♦r❡ ❛❝❝✉r❛t❡ ❡st✐♠❛t❡ ✇❤❡♥ g(ψ) = |ψ|p−1ψ
❚❤❡♦r❡♠ ✶✳✷✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ♥♦♥❧✐♥❡❛r ♣❛r❛❜♦❧✐❝ ♣r♦❜❧❡♠ ✭✶✳✶✮ ✇✐t❤
g(ψ) = |ψ|p−1ψ✱ t❤❡♥ ❛♥② s♦❧✉t✐♦♥ ψ ♦❢ ✭✶✳✶✮ s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧t❡r♥❛✲
t✐✈❡ ❛s t→∞✿ ❡✐t❤❡r
‖ψ(t, ·)‖∞ ≤ Ce
−λ2t, ✭✶✳✽✮
♦r








✇❤❡r❡ K,C > 0✱ p > 1 ❛♥❞ λ2 > 0 ✐s t❤❡ s❡❝♦♥❞ ❡✐❣❡♥✈❛❧✉❡ ♦❢ A ✐♥ D(A)✳
✷
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ Pr♦♣♦s✐t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r t✇♦ s♣❡❝✐❛❧ ❝❛s❡s s❤♦✇✐♥❣ t❤❛t
❜♦t❤ ♣♦ss✐❜✐❧✐t✐❡s ✐♥ t❤❡ s❡❝♦♥❞ r❡s✉❧t ✐♥ t❤❡ ❚❤❡♦r❡♠ ✶✳✶ ❝❛♥ ❛❝t✉❛❧❧② ❤❛♣♣❡♥✳
Pr♦♣♦s✐t✐♦♥ ✶✳✸✳ ▲❡t g s❛t✐s❢② ✭✶✳✷✮ ❛♥❞ ✭✶✳✸✮✳ ❚❤❡♥ ✇❡ ❤❛✈❡
(i) ■❢ Ω ✐s s②♠♠❡tr✐❝ ❛r♦✉♥❞ 0✱ g ✐s ♦❞❞ ❛♥❞ ψ(0, ·) ✐s ❛♥ ♦❞❞ ❢✉♥❝t✐♦♥ ✐♥
Ω✱ t❤❡♥ ❛♥② s♦❧✉t✐♦♥ ♦❢ ✭✶✳✶✮ s❛t✐s✜❡s ✭✶✳✻✮✳
(ii) ■❢ ψ(0, ·) ≥ 0 ❛♥❞ ψ ❞♦❡s ♥♦t ✈❛♥✐s❤ ❛✳❡ ✐♥ Ω✱ t❤❡♥ ❛♥② s♦❧✉t✐♦♥ ♦❢ ✭✶✳✶✮
s❛t✐s✜❡s ✭✶✳✼✮✳
❋✐♥❛❧❧②✱ ♦✉r ❧❛st r❡s✉❧t s❤♦✇s t❤❛t t❤❡ s❡❝♦♥❞ ♣♦ss✐❜✐❧✐t② ✐s s❤❛r♣ ❢♦r ❛
❝❧❛ss ♦❢ ❢✉♥❝t✐♦♥s g ♠♦r❡ ❣❡♥❡r❛❧ t❤❛♥ t❤❡ ♣✉r❡ ♣♦✇❡r
Pr♦♣♦s✐t✐♦♥ ✶✳✹✳ ❯♥❞❡r t❤❡ ❛❞❞✐t✐♦♥❛❧ ❤②♣♦t❤❡s✐s
∃k1 > 0,∀s ∈ R, |g(s)| ≥ k1|s|
p ✭✶✳✶✵✮
❢♦r ❛♥② s♦❧✉t✐♦♥ ψ ♦❢ ✭✶✳✶✮✱ ✇❡ ❤❛✈❡










✷ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳✹✳
Pr♦♦❢✳ ■❢ ψ(0, ·) = 0 ✱ ✇❡ ❤❛✈❡ ψ(t, ·) ≡ 0 ❛♥❞ t❤❡ r❡s✉❧t ✐s ♦❜✈✐♦✉s✳ ❖t❤❡r✲




‖ψ(0, ·)‖1−p∞ + k1(p− 1)t
} 1
p−1
❚❤❡♥ z ✐s ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦♥❧✐♥❡❛r ❖❉❊ ♣r♦❜❧❡♠{
z′ + k1z
p = 0,
z(0) = ‖ψ(0, ·)‖∞.
✭✷✳✶✮
❯♥❞❡r t❤❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♥❞✐t✐♦♥✭✶✳✶✵✮✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t z ✐s ❛ s✉♣❡r s♦❧✉t✐♦♥
♦❢ ✭✶✳✶✮✳ ■♥❞❡❡❞✱ ✇❡ ❤❛✈❡
zt −∆z + g(z) = −k1(z(0)












❙✐♥❝❡ ψ(0, ·) ≤ z(0) ✇❡ ❞❡❞✉❝❡✱ ❜② st❛♥❞❛r❞ ❝♦♠♣❛r✐s♦♥ ♣r✐♥❝✐♣❧❡✱ t❤❛t
ψ(t, ·) ≤ z(t) ∀t ≥ 1✳
❆ s✐♠✐❧❛r ❝❛❧❝✉❧❛t✐♦♥ s❤♦✇s t❤❛t ψ(t, ·) ≥ −z(t), ∀t ≥ 1 ✇❤✐❝❤ ❝♦♥❝❧✉❞❡s
t❤❡ ♣r♦♦❢✳
✸ ❆ ❣❡♥❡r❛❧ r❡s✉❧t ♦♥ t❤❡ r❛♥❣❡ ❝♦♠♣♦♥❡♥t✳
❉❡✜♥✐♥❣ t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ P : H −→ N ✱ ✇❤❡r❡






❛s ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ ❬✺❪ s❤♦✇❡❞ t❤❛t ❢♦r g(ψ) = |ψ|p−1ψ,
t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡ ❤♦❧❞s
‖ψ(t)− Pψ(t)‖L2(Ω) ≤ Ke
−λ2t,
❢♦r s♦♠❡ ❝♦♥st❛♥t K > 0✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t ✇❡ ❤❛✈❡ t❤❡
s❛♠❡ r❡s✉❧t ❢♦r ❛♥② ❢✉♥❝t✐♦♥ g s❛t✐s❢②✐♥❣ ✭✶✳✸✮✳
Pr♦♣♦s✐t✐♦♥ ✸✳✶✳ ▲❡t ψ ∈ C(R+, L∞) ❜❡ ❛♥② s♦❧✉t✐♦♥ ♦❢ ✭✶✳✶✮✳ ❆ss✉♠❡ t❤❛t
g ✐s ❛ ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥✳ ❚❤❡♥ ✇❡ ❤❛✈❡ ✱
‖ψ(t)− Pψ(t)‖2 ≤ ‖ψ(0)− Pψ(0)‖2 e
−λ2t, ✭✸✳✶✮
✇❤❡r❡ ‖.‖2 ❞❡♥♦t❡s t❤❡ ♥♦r♠ ✐♥ L
2(Ω) ❛♥❞ λ2 > 0 ✐s t❤❡ s❡❝♦♥❞ ❡✐❣❡♥✈❛❧✉❡
♦❢ −∆ ✐♥ L2(Ω) ✇✐t❤ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✳
Pr♦♦❢✳ ❲❡ ❞❡♥♦t❡ ❜② (u, v) t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ t✇♦ ❢✉♥❝t✐♦♥s u, v ♦❢ L2(Ω)✳
❙✐♥❝❡ g ✐s ❛ ♥♦♥❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥✱ ❢♦r ❛❧❧ ψ ∈ L∞(Ω)✱ ✇❡ ❤❛✈❡ ❛✳❡✳ ✐♥ x ∈ Ω
(g(ψ)− g(Pψ))(ψ − Pψ) ≥ 0
❛♥❞ t❤❡♥ ❜② ✐♥t❡❣r❛t✐♥❣ ♦✈❡r Ω
(g(ψ), ψ − Pψ)− (g(Pψ), ψ − Pψ) ≥ 0. ✭✸✳✷✮
❙✐♥❝❡ g(Pψ) ✐s ❛ ❝♦♥st❛♥t ❛♥❞ (ψ − Pψ) ∈ N⊥✱ ✇❡ ❞❡❞✉❝❡ t❤❛t (g(Pψ), ψ −
Pψ) = 0✳ ❍❡♥❝❡ ❢r♦♠ ✭✸✳✷✮✱
(g(ψ), ψ − Pψ) ≥ 0.
✹
❙❡tt✐♥❣
w = ψ − Pψ,
✇❡ ❤❛✈❡ s✐♥❝❡ ∆Pψ = P∆ψ = 0
w′ −∆w = ψ′ −∆ψ − Pψ′ +∆Pψ = (I − P )(ψ′ −∆ψ) = −(I − P )g(ψ).






‖w(t)‖22 = (w,∆w)− (g(ψ), ψ − Pψ) ≤ −λ2|w|
2.
❇② ✐♥t❡❣r❛t✐♥❣ ✇❡ ♦❜t❛✐♥ ✭✸✳✶✮✳
✹ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✶✳
❲❡ s❡t ψ = u+w✱ ✇❤❡r❡ u = Pψ ❛♥❞ w = (I −P )ψ. ❇② ♣r♦❥❡❝t✐♥❣ ✭✶✳✶✮ ♦♥
N ✇❡ ♦❜t❛✐♥
u′ + P (g(ψ)) = 0, ✭✹✳✶✮
✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❛t P (Aψ) = 0✱ s✐♥❝❡ R(A) ⊂ N⊥✳ ◆♦t✐❝✐♥❣ t❤❛t
u′ + P (g(u)) + P (g(ψ)− g(u)) = u′ + g(u) + P (g(ψ)− g(u)),
✇❡ ❝❛♥ r❡✇r✐t❡ t❤❡ ❡q✉❛t✐♦♥ ✭✹✳✶✮ ❛s
u′ + g(u) = −P (g(ψ)− g(u)).
❇② t❤❡ ❛ss✉♠♣t✐♦♥ ✭✶✳✸✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t









❇✉t ψ ❛♥❞ u ❛r❡ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ❛♥❞ ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✸✳✶ ✇❡ ❤❛✈❡ t❤❡
❡st✐♠❛t❡ ‖w(t)‖2 ≤ Ke
−λ2t. ❚❤❡r❡❢♦r❡
|P (g(ψ)− g(u))| ≤ K ′e−λ2t,
✇✐t❤ K ′ > 0. ❲❤✐❝❤ ❧❡❛❞s ✉s t♦ st✉❞② t❤❡ ❡q✉❛t✐♦♥✿
u′ + g(u) = f(t) ✐♥ R+, ✭✹✳✷✮
✇❤❡r❡
f(t) = P (g(ψ)− g(u))
❛♥❞
|f(t)| ≤ K ′e−λ2t.
❯s✐♥❣ t❤❡ s❛♠❡ ♠❡t❤♦❞ ❛s ✐♥ ❬✺❪✱ ✇❡ s❤♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿
✺
▲❡♠♠❛ ✹✳✶✳ ▲❡t c > 0✱ γ > 0✱ p > 1 ❛♥❞ g s❛t✐s❢②✐♥❣ ✭✶✳✷✮ ❛♥❞ ✭✶✳✸✮ ▲❡t












t❤❡♥ ❢♦r ❡✈❡r② ❢✉♥❝t✐♦♥ f s❛t✐s❢②✐♥❣
|f(t)| ≤ c1e
−γt,
t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ❢✉♥❝t✐♦♥ v ∈ C1(R+) s❛t✐s❢②✐♥❣













❲❡ ❧♦♦❦ ❢♦r ❛ s♦❧✉t✐♦♥ ♦❢ ✭✹✳✻✮✳ ■t ✐s t❤❡♥ ♥❛t✉r❛❧ t♦ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣
❢✉♥❝t✐♦♥ s♣❛❝❡ ✿
X = {v ∈ C(0,+∞); sup
t∈(0,+∞)
eγt|v(t)| ≤M},




❲❡ ❝♦♥s✐❞❡r t❤❡ ♦♣❡r❛t♦r T : X → C(0,+∞) ❞❡✜♥❡❞ ❜②




❋r♦♠ ✭✶✳✹✮✱ ✇❡ ❤❛✈❡ t❤❡ ❡st✐♠❛t❡



























































❙✐♥❝❡ p > 1, ✐t ❢♦❧❧♦✇s t❤❛t
|T v(t)| ≤Me−γt.
❍❡♥❝❡ ❜② ✭✹✳✺✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t T v ∈ X✱ ✇✐t❤
‖T v(t)‖γ ≤M.
❙❡❝♦♥❞❧②✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t T ✐s ❛ ❝♦♥tr❛❝t✐♦♥ ♦♥ X✳ ■♥ ❢❛❝t✱ ❢♦r x, x¯ ∈ X
❛♥❞ ❢♦r ❛❧❧ t ≥ 0


















❚❤❡r❡❢♦r❡✱ s✐♥❝❡ Mp−1 s❛t✐s✜❡s ✭✹✳✸✮✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ∀x, x¯ ∈ X





❚❤✉s T ✐s ❛ 1
2
✲▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥❛❧ ♦♥ t❤❡ ❝♦♠♣❧❡t❡ ♠❡tr✐❝ s♣❛❝❡ X ❛♥❞ t❤❡
r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❇❛♥❛❝❤ ✜①❡❞ ♣♦✐♥t t❤❡♦r❡♠✳ ❋r♦♠ ✭✹✳✻✮ ✐t ❢♦❧❧♦✇s ❡❛s✲
✐❧② t❤❛t v s❛t✐s✜❡s ✭✹✳✹✮✳ ❚❤❡♥ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ v ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ✉♥✐q✉❡♥❡ss
♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✹✳✻✮ ✭ T ✐s ❛ ❝♦♥tr❛❝t✐♦♥✮ ❛♥❞ t❤❡ ❢❛❝t t❤❛t ❛♥② s♦❧✉t✐♦♥ ♦❢
✭✹✳✹✮ s❛t✐s✜❡s ✭✹✳✻✮✳ ❚❤❡ ❡①✐st❡♥❝❡ ❝♦♠❡s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ❝♦♥✈❡rs❡❧② ❛♥②
s♦❧✉t✐♦♥ ♦❢ ✭✹✳✻✮ s❛t✐s✜❡s ✭✹✳✹✮✳
Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✶ ❝♦♥t✐♥✉❡❞✳ ❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❤❛✈❡ ❛ s♦❧✉t✐♦♥ v
t❤❛t s❛t✐s✜❡s t❤❡ ❡q✉❛t✐♦♥ ✭✹✳✹✮ ❛♥❞ ❢♦r ❛❧❧ t ≥ T0
|v(t)| ≤Me−λ2t, ✭✹✳✽✮
✇❤❡r❡ M =M ′eγT0 ❛♥❞ M ′ > 0✳ ■❢ ✇❡ s✉❜tr❛❝t ✭✹✳✹✮ ❢r♦♠ ✭✹✳✷✮ ✇❡ ♦❜t❛✐♥
(u− v)′ + g(u)− g(v) = 0.
❙❡tt✐♥❣ z = u− v, ✇❡ ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢ ❛♥❛❧②③✐♥❣ t✇♦ ❝❛s❡s✳
1st ❝❛s❡✿ ■❢ z(T0) = 0✱ t❤❡♥ ❢♦r ❛❧❧ t ≥ T0✱ z(t) = 0✳ ❍❡♥❝❡ u ≡ v ❛♥❞
❢r♦♠ ✭✹✳✽✮ ✐t ❢♦❧❧♦✇s t❤❛t
|u(t)| ≤Me−λ2t.
❚❤❡♥✱ ✉s✐♥❣ ✭✸✳✶✮✱ ✇❡ ♦❜t❛✐♥
‖ψ(t)‖2 ≤M
′e−λ2t.
❋✐♥❛❧❧② ❜② r❡❛s♦♥✐♥❣ ❛s ✐♥ ❬✺❪✱ ❬✻❪ ✇❡ ♦❜t❛✐♥ ✭✶✳✻✮✳









✐s ❛ str✐❝t❧② ♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥✳ ▼♦r❡♦✈❡r✱ ∃θ ∈]0, 1[,
α(t) = g′(θu(t) + (1− θ)v(t)) ≤ c|θu(t) + (1− θ)v(t)|p−1 ✭✹✳✾✮
❲❡ ❞✐st✐♥❣✉✐s❤ ✷ ❝❛s❡s✿
✕ p > 2 t❤❡♥ ❜② ❝♦♥✈❡①✐t② ♦❢ t❤❡ pt❤ ♣♦✇❡r ✇❡ ❤❛✈❡
✽
|θu(t) + (1− θ)v(t)|p−1 ≤ θ|u|p−1 + (1− θ)|v|p−1 ≤ |u|p−1 + |v|p−1.
✕ 1 < p < 2 ✇❡ st✉❞② t❤❡ ❢✉♥❝t✐♦♥ (x+y)a−xa ❢♦r 0 < a < 1 ❛♥❞ x, y > 0
✇❡ ♣r♦✈❡ t❤❛t X −→ (1 + X)a − Xa ✐s ❛ ❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦♥ (0,+∞)✱
✇❡ ❞❡❞✉❝❡ 0 < (1 + X)a − Xa < 1 ❛♥❞ ✐t ❢♦❧❧♦✇s ❜② ❤♦♠♦❣❡♥❡✐t② t❤❛t
(x + y)a < xa + ya ❜② ❧❡tt✐♥❣ X = x
y
✳ ❚❤❡♥ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t |θu(t) + (1 −
θ)v(t)|p−1 ≤ |u|p−1 + |v|p−1. ❈♦♥s❡q✉❡♥t❧② ✇❡ ♦❜t❛✐♥
∀p > 1, α(t) ≤ c(|u|p−1 + |v|p−1). ✭✹✳✶✵✮
❙❡tt✐♥❣ y = |z|✱ ✇❡ ❤❛✈❡ t❤❛t
y′ + α(t)y ≥ 0.
❚❤❡♥ t❤❡ ❡st✐♠❛t❡ ✭✹✳✶✵✮ ✐♠♣❧✐❡s t❤❛t
y′ ≥ −c(|u|p−1 + |v|p−1)y ≥ −c(|z + v|p−1 + |v|p−1)y.








P✉tt✐♥❣ a(t) = c3|v|
p−1✱ ✇❡ ❞❡❞✉❝❡ t❤❛t






|v|p−1ds, ω(t) = eA(t)y
















❙✐♥❝❡ t −→ eA(t) ✐s ❛ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥✱ ✇❡ ❝♦♥❝❧✉❞❡ ✭✶✳✼✮ ❜② ♦❜s❡r✈✐♥❣ t❤❛t
u = z + v ❛♥❞ v t❡♥❞s t♦ 0 ❡①♣♦♥❡♥t✐❛❧❧② ❛t ✐♥✜♥✐t②✳
✾
✺ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✷✳
❈♦♥s✐❞❡r✐♥❣ g(ψ) = |ψ|p−1ψ ✱ g s❛t✐s✜❡s ✭✶✳✷✮ ❛♥❞ ✭✶✳✸✮ ✇✐t❤ c = p. ❍❡♥❝❡








■♥ ✭✹✳✷✮✱ ✇❡ r❡♣❧❛❝❡ g(ψ) = |ψ|p−1ψ ✱ ✇❡ ❝❛♥ s✉❜tr❛❝t ✭✹✳✹✮ ❢r♦♠ ✭✹✳✷✮✱ ✇❡
❞❡❞✉❝❡✿
(u− v)′ + |u|p−1u− |v|p−1v = 0. ✭✺✳✶✮
❲❡ ✇✐❧❧ st✉❞② t✇♦ ❝❛s❡s✳
1st ❝❛s❡✿ ■❢ z(T0) = 0 t❤❡♥ ❢♦r ❛❧❧ t ≥ T0, z(t) = 0. ❍❡♥❝❡ u ≡ v ❛♥❞ ❢r♦♠
✭✹✳✽✮ ✐t ❢♦❧❧♦✇s t❤❛t
|u(t)| ≤Me−λ2t.
▼♦r❡♦✈❡r✱ ✉s✐♥❣ ✭✸✳✶✮✱ ✇❡ ♦❜t❛✐♥ ✭✶✳✽✮✳
2nd ❝❛s❡✿ ✐❢ z(T0) 6= 0 t❤❡♥ ❢♦r ❛❧❧ t ≥ T0 z(t) 6= 0 ❛♥❞ ✇❡ ❤❛✈❡











|p−1(z(t) + v(t))− |v(t)|p−1v(t)
z(t)
.
■♥ t❤❛t ❝❛s❡ α(t) > 0✱ ✐♥❞❡❡❞ t 7→ |u(t)|p−1u(t) ✐s ♥♦♥ ❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥✳
❇② ❛♣♣❧②✐♥❣ ❚❛②❧♦r✬s ❢♦r♠✉❧❛✱ ✇❡ ♦❜t❛✐♥
α(t) = |z(t)|p−1 + β(t), ✭✺✳✷✮
✇✐t❤ |β(t)| ≤ Be−ηt, ✇❤❡r❡ η > 0 ✐s ❛♥② ♣♦s✐t✐✈❡ ♥✉♠❜❡r s♠❛❧❧❡r t❤❛♥ (p−1)λ2
❛♥❞ B > 0. ❘❡♣❧❛❝✐♥❣ α ❜② ✐ts ❡①♣r❡ss✐♦♥ ✐♥ ✭✺✳✷✮✱ ❡q✉❛t✐♦♥ ✭✺✳✶✮ ❜❡❝♦♠❡s
z′ + |z|p−1z + β(t)z = 0. ✭✺✳✸✮
✶✵
▲❡t y = |z|, ✇❡ ♦❜t❛✐♥
y′ + yp + β(t)y = 0. ✭✺✳✹✮











❇② ❚❛②❧♦r✬s ❢♦r♠✉❧❛ ✇❡ ❤❛✈❡
∀h ∈ [−1, 1], |eh − 1| ≤ 2|h|, ✭✺✳✻✮
✇❡ ❝❛♥ ❣✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡






|ξ(t)− y(t)| ≤ ke−δt, ✭✺✳✼✮
✇❤❡r❡ δ = η ❛♥❞ k = 2B
η
‖y‖∞ ✳
❘❡♣❧❛❝✐♥❣ ξ(t) ✐♥ ✭✺✳✸✮✱ ✇❡ ❤❛✈❡








)′ = (p− 1)e(1−p)A(t).











1−p + (p− 1)
∫ t
t0
e−(p−1)A(s)ds ❛♥❞ h(t) = −(p− 1)A(t),
t❤❡♥ ✇❡ s❤♦✇ t❤❛t D(t)− (p− 1)t ✐s ❜♦✉♥❞❡❞✳
❋r♦♠ ✭✺✳✺✮✱ ✇❡ ❦♥♦✇ t❤❛t t 7→ h(t) ✐s ❛♥ ✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥✱ t❤❡♥ ❜②
✭✺✳✻✮✱ (e−(p−1)A(t) − 1) ✐s ❛❧s♦ ✐♥t❡❣r❛❜❧❡✳ ■♥ ♦r❞❡r t♦ s❤♦✇ ✭✶✳✾✮✱ ✇❡ ♣r♦❝❡❡❞
✶✶
❛s ❢♦❧❧♦✇s
|D(t)− (p− 1)t| = |ξ(t0)





1−p + (p− 1)
∫ t
t0
(e−(p−1)A(s) − 1)ds− (p− 1)t0|
❯s✐♥❣ ✭✺✳✻✮ ✇❡ ♦❜t❛✐♥




≤M1 = |K|+ 2(p− 1)
2B
η2
✇✐t❤ K = ξ(t0)




























































































































(p−1)  ≤ Ct−1− 1p−1 .







❲❡ r❡❝❛❧❧ t❤❛t z ❤❛s ❛ ❝♦♥st❛♥t s✐❣♥ ♦♥ [T0,+∞[ ❛♥❞ z ❛♥❞ u ❤❛✈❡ t❤❡
s❛♠❡ s✐❣♥✳ ❆s ✐♥ ❙❡❝t✐♦♥ ✹✱ ✇❡ s❡t u = v + z ❛♥❞ ψ = u+ w, ✇❡ ❞✐st✐♥❣✉✐s❤
t✇♦ ❝❛s❡s







(p−1)  ≤ |u− ( 1
(p−1)t
) 1











≤Me−λ2t + ke−δt + Ct−1−
1
p−1 .
❙✐♥❝❡ ✇❡ ❤❛✈❡ ✭✺✳✼✮✱ ✇❡ ♦❜t❛✐♥ ✭✶✳✾✮✳
✲ ■❢ ✇❡ s✉♣♣♦s❡ t❤❛t z < 0✱ t❤❡♥ ✐♠♣❧✐❡s t❤❛t u < 0. ❇② s✐♠✐❧❛r ❝❛❧❝✉❧❛✲
t✐♦♥s ✇❡ ♦❜t❛✐♥ t❤❡ s❛♠❡ r❡s✉❧t✳







(p−1)  ≤ | − u− ( 1
(p− 1)t
) 1














≤Me−λ2t + ke−δt + Ct−1−
1
p−1 .
❆❧s♦ s✐♥❝❡ ✇❡ ❤❛✈❡ ✭✺✳✼✮✱ ✜♥❛❧❧② ✇❡ ♦❜t❛✐♥ ✭✶✳✾✮✳
✻ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳✸
(i) ■❢ ψ ✐s ❛♥ ♦❞❞ ❢✉♥❝t✐♦♥✱ t❤❡♥ ψ(0,−x) = −ψ(0, x)✳ ■t ✐♠♣❧✐❡s ❢♦r ❛❧❧
t > 0, ψ(t,−x) = −ψ(t, x).
■♥ t❤❛t ❝❛s❡





ψ(t, x)dx = 0.
▼♦r❡♦✈❡r✱ ✇❡ ❦♥♦✇ t❤❛t ψ = u+w✱ ✇❤❡r❡ w(t) ∈ N⊥ ❢♦r ❛❧❧ t ≥ 0 ❛♥❞
✭❝❢✳ Pr♦♣♦s✐t✐♦♥ ✸✳✶✮ ✇❡ ❤❛✈❡
‖w(t)‖L∞(Ω) ≤ Ke
−λ2t,
❤❡♥❝❡ t❤❡ s♦❧✉t✐♦♥ ψ s❛t✐s✜❡s ✭✶✳✽✮✳
(ii) ■❢ ψ(0, x) ≥ 0 ❛♥❞ ψ ❞♦❡s ♥♦t ✈❛♥✐s❤ ❛✳❡ ✐♥ Ω✱ t❤❡♥ ❢♦r ❛❧❧ t ≥ 0
ψ(t, x) > 0✱ ✐t ✐♠♣❧✐❡s t❤❛t∫
Ω
ψ(t, x)dx > 0. ✭✻✳✶✮
✶✹
❲❡ s✉♣♣♦s❡ t❤❛t ✇❡ ❤❛✈❡ ‖ψ(t, ·)‖∞ ≤ Ce
−λ2t ❛♥❞ ✇❡ ❝♦♥s✐❞❡r t❤❡
♣r♦❜❧❡♠ ✭✶✳✶✮ t❤❡♥ ✇❡ ✐♥t❡❣r❛t❡ ♦♥ Ω✱ ✇❡ ♦❜t❛✐♥∫
Ω































◆♦✇ ✇❡ s❡t y(t) =
∫
Ω
ψ(t, x)dx. ❋r♦♠ ✭✻✳✷✮✱ ✇❡ ❞❡❞✉❝❡
y′(t) ≥ −Me−δty(t) ✭✻✳✸✮
✇✐t❤ M = c
p
Cp−1 ❛♥❞ δ = (p− 1)λ2✳
❙✐♥❝❡ y(t) > 0 ❜② ✭✻✳✶✮✱ ✇❡ ❝❛♥ ✐♥t❡❣r❛t❡ ✐♥ t❤❡ ✐♥t❡r✈❛❧ [0, t]✱ ✇❡ ♦❜t❛✐♥














❍❡♥❝❡ y ❞♦❡s ♥♦t t❡♥❞ t♦ 0 ❢♦r t ❧❛r❣❡✱ t❤✐s ❝♦♥tr❛❞✐❝ts ♦✉r ❤②♣♦t❤❡s✐s
❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t y s❛t✐s✜❡s ✭✶✳✼✮✳
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